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a b s t r a c t
This paper discusses the formulation and approximate solution of an eigenvalue problem
that provides estimates for fully turbulent velocity fluctuations. The fluctuating velocity
model is derived by splitting the Reynolds decomposed (but not averaged) Navier–Stokes
equations into mean and fluctuating expressions. The linear fluctuating portion of the
equations (normally lost to averaging) poses a semi-infinite domain eigenvalue problem.
Approximate analytical solutions are derived that suggest a qualitatively physically plau-
sible solution. The derivation and use of these expressions are not known in the literature
implying that a qualitative scoping study of this nature is appropriate. This type of analy-
sis provides support for the practical application of these equations to estimate structural
loadings due to the presence of turbulent velocity and pressure fluctuations.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Vibratory loading of structures due to fluid turbulence excitation is a classical problem in fluid–structure interaction,
[1,2]. Flow passage over structures, vehicles and other bodies, induces not only large scale, e.g. lift and drag effects, but
also small scale, highly unsteady, high frequency input that contributes to structural vibration. Physics based prediction of
structure response requires concurrent estimation of high frequency (usually stochastic) velocity and pressure fluctuation
behavior, i.e. turbulent fluctuations. It is possible to compute flow behavior directly from the Navier–Stokes equations
without modeling in very computationally intensive procedure termed ‘‘Direct Numerical Simulation’’ DNS. Unfortunately,
the number of floating point computations for DNS scales as Re3 (Reynolds number cubed) [3] suggesting that practical
computations remain out of the reach for engineering simulation even for the current ‘‘petaflop’’ computers. Large Eddy
Simulation, LES provides an alternative, but requires significant modeling at precisely the scale of interest [4,5]. Thus, model
based efforts to predict turbulent velocity and pressure fluctuation are of great interest.
This paper discusses the formulation and approximate solution of an eigenvalue problem that provides estimates for
fully turbulent velocity fluctuations. The fluctuating velocity model is derived by splitting [6–8] the Reynolds decomposed
(but not averaged) Navier–Stokes equations [9,10] into mean and fluctuating expressions. The linear fluctuating portion of
the equations (normally lost to averaging) poses a semi-infinite domain eigenvalue problem. Though a simplified pressure
fluctuation model is available [11], description of a method to extend this model to full domain numerical implementation
with potential tight coupling to mean flow methods is a major goal of this effort, along with support of simplified models.
Models based upon this approach are notwell known in the literature. This type of analysis provides support for the practical
application of these equations to estimate structural loadings due to the presence of velocity and pressure fluctuations.
2. Analysis
We provide a summary derivation of the eigenvalue problem followed by an approximate solution.
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2.1. Derivation of the eigenvalue problem
We start by considering a 2D, incompressible velocity field and invoking a Reynolds decomposition as: u˜ = u+ u′; v˜ =
v+ v′; p˜ = p+ p′ where ‘‘tilde’’ quantities describe the instantaneous turbulent quantity, un-superscripted denote a mean
(temporal average) quantity and the prime denotes a temporal fluctuating quantity [9]. We are interested in flow fields that
exhibit minimal large scale unsteady behavior, i.e. steady state, but have significant high frequency smaller scale unsteady
turbulent fluctuations. The treatment of these flows via Reynolds decomposition is described in [9,11].
Substitution into appropriate conservation equations yields: continuity: ux + vy + u′x + v′y = 0, while the momentum
equations are:
uux + vuy + px + (u′v′)y + (u′u′)x + uu′x + u′ux + vu′y + v′uy + p′x = 0 (1)
and:
uvx + vvy + py + (v′v′)y + (u′v′)x + uv′x + v′ux + vv′y + v′vy + p′y = 0. (2)
Inherent to our treatment of Eqs. (1) and (2) is the need to split [6–8] the mean flow from fluctuating flow. More
conventionally, one would apply an averaging operator, whereby all linear fluctuation terms would be lost and the mean
flow alone would remain.
The mean flow portion of the streamwise, i.e. ‘‘x’’ momentum equation is:
uux + vuy + px + (u′v′)y + (u′u′)x = 0 (3)
while the cross-stream ‘‘y’’ equation is:
uvx + vvy + py + (v′v′)y + (u′v′)x = 0. (4)
Though not necessary for a numerical implementation, we can apply ‘‘standard’’ boundary simplifications [9,11]: (u′u′)x ≈
(v′v′)y ≈ (u′v′)x ≈ vvy ≈ 0 (though we retain a cross-stream or ‘‘y-momentum equation):
uux + 1
ρ
px = −(u′v′)y = νeffuyy
uvx + 1
ρ
py = 0.
(5)
Incompressible continuity takes the form: ux + vy = 0. Though presented for completeness, the mean flow expressions are
not discussed in any detail. As will become apparent, however, the fluctuating flow and mean models are one way coupled,
requiring that mean flow information (here we draw upon more classical sources for this information) be available.
Of more interest here are the fluctuating velocity and pressure expressions. Using equation splitting, we can write the
fluctuating equations as:
uu′x + u′ux + vu′y + v′uy + p′x = 0
uv′x + u′vx + vv′y + v′vy + p′y = 0.
(6)
We emphasize that splitting is inherently approximate [6]. The necessity for this approximation supports the idea that order-
of-magnitude analysis is appropriate as a first step for the equations derived here. Also, since there is no explicit temporal
scale in these expressions, u′, v′ and p′ now reflect root-mean-square (RMS) averages for the quantities of interest, whereby
we demand that u′ ≥ 0 v′ ≥ 0 p′ ≥ 0. Recognition of the fluctuation terms as representing fluctuation magnitudes will be
shown to be plausible and useful, but is a nonetheless ad hoc assumption since we cannot formally achieve RMS definitions
in Eq. (6).
To compute the fluctuating velocity we ‘‘cross differentiate’’ and subtract to eliminate the pressure fluctuation giving:(
uu′
)
xy +
(
vu′y + v′uy
)
y
− (uv′x + u′vx)x − (vv′)xy = 0. (7)
We can further satisfy the fluctuating continuity equation: u′x + v′y = 0 by introducing a fluctuating stream function:
u′ = ψ ′y; v′ = −ψ ′x. (8)
Thus we can write the single variable expression:(
uψ ′y
)
xy
+ (vψ ′yy − uyψ ′x)y + (uψ ′xx − vxψ ′y)x + (vψ ′x)xy = 0. (9)
Let us expand Eq. (9) to eliminate extra terms:
vψ ′yyy + uψ ′xxx + uψ ′xyy + vψ ′xxy + (uxy − vxx)ψ ′y + (vxy − uyy)ψ ′x = 0. (10)
The associated pressure fluctuation can be recovered by formulating a pressure-Poisson expression [11], though we restrict
our focus to the velocity fluctuation problem.
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Simplification of Eq. (10) is possible and appropriate [9,11]. The mean cross-stream velocity is much smaller that the
stream wise value, permitting us to write: v  u, whereby:
εψyyy + ψxxx + ψxyy + εψxxy + λU ′′(x, y)
(
ψy + ψx
) = 0 (11)
where ε = v/U = const. and λU ′′(x, y) (ψy + ψx) ≡ 1u (uxyψy − uyyψx).
Obviously, we need to estimate the form of the mean flow terms: 1u
(
uxyψy − uyyψx
)
. This can be accomplished by in-
troducing simple mean flow velocity expressions and their derivatives (derived by making a gross ansatz to laminar flow
problems) [12]:
u ≈ 1− exp
(
−µ0 y
δ0x
)
v ≈
(
1
µ0
+ y
δ0x
)
exp
(
−µ0 y
δ0x
)
uxy ≈ µ0 δm0
δ20
1
x2
(
µ0
y
δ0x
− 1
)
exp
(
−µ0 y
δ0x
)
uyy ≈ −µ
2
0
δ20
1
x2
exp
(
−µ0 y
δ0x
)
.
(12)
Here, the constant µ = 4.
The expressions in Eq. (12) are unfortunately rather too complex to be useful in an analytical sense. Let us consider
a set of approximations that help us simplify the coefficients. For example, we can write: exp
(
−µ0 yδ0x
)
≈ u ≈
exp (−µ0y)
[
1− exp
(
− x2µ0
)]
while the second class of expression:
1
xa
exp
(
−µ0 y
δ0x
)
≈ 1
µa0
(
exp
(
− 1
µ0
x
)
− exp(−x)
)
. (13)
Notice that:
[
1
xa exp
(
−µ0 yδ0x
)
≈ 1
µa0
(
exp
(
− 1
µ0
x
)
− exp(−x)
)]
max
≈ 14 .
A far-field (y 1) approximation for Eq. (12) is simply:
u ≈ 1
v ≈ 1
µ0
 1
uxy
u
∝ exp(−y) [exp(−x)− exp(−2x)] ∝ exp(−y)
uyy
u
∝ − exp(−y) [exp(−x)− exp(−2x)] ∝ −1
4
exp(−y).
(14)
However, in the near field, y  1 the wall behavior for uxy/u and uyy/u given in Eq. (14) is not appropriate since the mean
streamwise velocity ‘‘u’’ is zero at the wall. A more appropriate model is chosen to be:∣∣∣uyy
u
∣∣∣ = ∣∣∣uxy
u
∣∣∣ ∝ exp(−y)
y
≈ 2
y
− 1. (15)
We will refer to Eq. (15) subsequently.
2.2. Approximate solution of the eigenvalue problem
Here we consider an approximate solution of the eigenvalue problem. The expression of interest, Eq. (11) is repeated for
convenience:
εψyyy + ψxxx + ψxyy + εψxxy + λU ′′(x, y)
(
ψy + ψx
) = 0. (16)
The derivative boundary conditions on the positive 1/4 plane with boundary conditions: ψy(y = 0) = ψy(y → ∞) =
−ψx(y = 0) = −ψx(y → ∞) = 0. Notice that we have posed a 3rd order differential equation with a single unknown
parameter supported by four boundary conditions, i.e. an appropriately constrained problem, however, we additional take
note that the boundary condition field is NOT consistently applied (with no constraint for x = 0 and x 1) [13].
As a starting point, let us approximate U ′′(x, y) = const. whereby Eq. (16) becomes: εψyyy + ψxxx + ψxyy + ψxxy +
λ
(
ψy + ψx
) = 0. A solution to this PDE method could involve assuming a separation function: ψ ∝ exp (αx) f (y). Using
this substitution we can write:
εf ′′′ + α3f + αf ′′ + εα2f ′ + λ(f ′ + αf ) = 0. (17)
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Fig. 1. The expression: ψy ∝ exp (αx)
(
2y− y2) exp(−y), indicating that ψy > 0 is not met over the full flow domain, though the near-field behavior is
correctly modeled.
Collecting terms yields:
f ′′′ + α
ε
f ′′ + (εα
2 + λ)
ε
f ′ + α
ε
(α2 + λ)f = 0. (18)
In Eq. (18), α and λ are unknown (solution parameter or eigenvalues), ε  1. Since this is a constant coefficient problem
[7,14], f (y) is governed by: f (y) ∝ exp(riy)where ri is one of the roots of the polynomial:
r3 + α
ε
r2 + (εα
2 + λ)
ε
r + α
ε
(α2 + λ) = 0. (19)
We require that ri < 0 (such that the far-field conditions are met), implying that by Descartes rule of signs [15] that:
α
ε
> 0
(εα2 + λ)
ε
> 0
α
ε
(α2 + λ) > 0.
(20)
Furthermore, the physics of the problem (rapid decay for y > 0) suggest that these coefficients are (at least) O(1).
By way of forcing a solution form: ψ ∝ exp (αx) y2 exp(−βy) we can require that the coefficients in Eq. (20) take the
form:
α
ε
= 3β
(εα2 + λ)
ε
= 3β2
α
ε
(α2 + λ) = β3.
(21)
By choosing β = O(1) (explicitly equal to one) we can then write the characteristic polynomial as: r3 + 3r2 + 3r + 1 = 0.
The other parameters immediately follow e.g. α =
(
2−√3
)
β, ε = 2−
√
3
3 and λ = 4β2
(√
3− 2+ 13
)
. The solution for
the stream function, moreover takes the form: ψ ∝ exp
(
1
3 (2−
√
3)x
)
y2 exp(−y).
By inspection, the stream function as written provided satisfies one of the family of boundary conditions directly, i.e.:
ψx(y = 0) = −ψx(y → ∞) = 0 since ψx ∝ α exp (αx) y2 exp(−y). The second set of requirements, i.e. ψy(y = 0) =
ψy(y→∞) = 0 is also formally satisfied since: ψy ∝ exp
( 1
3x
) (
2y− y2) exp(−y). Unfortunately, however, the definition
for a root-mean-square quantity requires that u′ = ψy > 0, which is not met, as shown in Fig. 1.
We emphasize, that ψy < 0 is a fundamentally associated with the separated expression and the derivative definition
for f (y), since ψ ∝ exp (αx) f (y)→ ψy = exp (αx) f ′(y) and for the f (y) computed, f ′(y)must be negative over part of its
range. Indeed, since f (y) = ∫ f ′(y)dy→ f (∞)− f (0) = ∫∞0 f ′dy = 0 the portion of f ′ < 0 must be f ′ > 0. It is, of course,
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Fig. 2. Demonstration that the function (hold x constant with: exp(αx) = 1): ψy ∝
[
exp(αx)(2y− y2)+ 10y] exp(−y) (black) and ψx ∝
α exp (αx) y2 exp(−y) (red) provide plausible (satisfy GDE and B.C., monotone, and positive) solutions. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
the separable form that produces the constraint. This restriction is unfortunate, since separation of variables, generalized
and/or multiplicative, provides one of the main avenues for analytical solution of PDEs.
Let us now consider other functional forms that are separable in a generalized sense [8]. For example, a natural extension
of the separable expression ψ ∝ exp (αx) f (y) is ψ ∝ exp (αx) f (y) + g(y). Utilizing this closure, ‘‘y’’ derivatives can be
written:
ψ ∝ exp(αx)f + g
ψy ∝ exp(αx)f ′ + g ′
ψyy ∝ exp(αx)f ′′ + g ′′
ψyyy ∝ exp(αx)f ′′′ + g ′′′
(22)
while, the ‘‘x’’ derivatives are: ψx = α exp(αx)f ;ψxx = α2 exp(αx)f ;ψx = α3 exp(α3x)f . Substitution gives:[
εf ′′′ + α3f + αf ′′ + α2f ′ + U(x, y) (f ′ + αf )] exp(αx)+ [εg ′′′ + U(x, y)g ′] = 0. (23)
The terms in Eq. (23) are separable (separation constant equal to zero) implying that:
εf ′′′ + α3f + αf ′′ + α2f ′ + U(x, y) (f ′ + αf ) = 0
εg ′′′ + U(x, y)g ′ = 0. (24)
By utilizing the previously described constant coefficient approximation, the first expression gives: f = y2 exp(−y). Let us
focus on the second expression: εg ′′′+U(x, y)g ′ = 0. A constant coefficient model for this expression: h′′+ λ
ε
h = h′′+2h =
0; h = g ′ yields a periodic solution,which cannot provide ameaningful solution to the overall problem. A variable coefficient
model is necessary.
Referring to Eq. (15), we consider the expression: U(x,y)
ε
= 2y − 1. Using this expression the ‘‘g ’’ differential equation
becomes:
h′′ +
(
2
y
− 1
)
h = 0→ h ≡ g ′ ∝ y exp(−y). (25)
Eq. (25) suggests that a solution for the stream function could be written:
ψy ∝
[
exp(αx)(2y− y2)+ cy] exp(−y) (26)
where c is an integration constant. For a sufficiently large value of c, ψy > 0 over the whole domain. We further note, that
the previous expression for ψx remains unchanged: ψx ∝ α exp (αx) y2 exp(−y) since ∂∂x (g(y)) = 0.
Thus, within the scope of the approximation associated with the term U(x,y)
ε
= 2y − 1 we can produce a solution that
honors the boundary conditions: ψy(y = 0) = ψy(y→∞) = −ψx(y = 0) = −ψx(y→∞) = 0. We plot the associated
solutions in Fig. 2.
Fig. 2. suggests that the eigenvalue equation derived does indeed have solutions that are potentially consistent with the
behavior for turbulent velocity fluctuation behavior. Thus, the velocity fluctuation model here may be useful as a tool to
model turbulence fluctuation behavior.
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Fig. 3. Dimensionless cross-stream fluctuation velocity, v′/U; comparison between v′ = exp
(
6(2−√3)x
)
y2 exp(−6y) and data of Klebanoff [16].
Though Fig. 2. suggests qualitative (correct functional form) agreement with our physical expectation for the form
of turbulent velocity fluctuations, there is value in performing a comparison with available experimental data. Let us
consider what modifications to the preceding discussion are required such that the resulting velocity fluctuation solutions
compare adequately with experimental measurements. As shown in the classical flat plate measurements of Klebanoff [16]
velocity fluctuations are a (very) near wall turbulent phenomenon with u′ peaking for y/δ = O(1/100) and v′ peaking
y/δ = O(1/10).
To achieve results of this order the value forβ in Eq. (9)must be larger by an order ofmagnitude (say,β = 6), whereby the
first portion of the stream function solution becomes: exp(αx)f (y) = exp
(
6(2−√3)x
)
y2 exp(−6y). The second portion,
i.e. the g(y) or h(y) (recall that g ′(y) = h(y)) must also be modified. A generalized expression for
(
2
y − 1
)
would be:
γ
(
2
y − γ
)
h′′ + γ
(
2
y
− γ
)
h = 0→ h = g ′ ∝ y exp(−γ y). (27)
Using these expressions we find that the complete solution for u′ is: u′ ∝ [2 exp(αx)(y− 3y2)+ 10y] exp(−6y), while
v′ = exp
(
6(2−√3)x
)
y2 exp(−6y) where γ = 6 in Eq. (27). We compare to the flat plate zero pressure gradient
data of Klebanoff (1955) for the cross-stream fluctuating velocity v′. Inspection of Fig. 3. demonstrates, that the solution
does provide an overall correct representation of the data. Details such as the very sharp increase near the wall and the
boundary layer edge behavior are not well described by the model. We ascribe the limitations of the model to the rather
gross approximation utilized to achieve a closed form solution. Since our goal is simply to demonstrate that the models
derived here provide plausible solutions, i.e. correct functional form, we are less concerned by the limited quality of the
comparison to data.
3. Conclusion
In summary, we have discussed the formulation and approximate solution of an eigenvalue problem that provides
estimates for fully turbulent velocity fluctuations. The fluctuating velocity model, derived by splitting the Reynolds
decomposed Navier–Stokes equations into mean and fluctuating expressions, is novel and the physical viability unknown.
Approximate analytical solutions are derived that suggest a physically plausible solution. A more rigorous derivation
(includingmean flow approximation) and solution (likely numerical) would be appropriate to obtain quantitative estimates
of velocity fluctuation behavior.Moreover, application of this class ofmodel to laminar-turbulent transitionmay be possible,
see DeChant and Payne [17].
References
[1] E. Naudascher, D. Rockwell, Flow Induced Vibrations, Dover, Mineola, New York, 1994.
[2] I. Elishakoff, Probabilistic Theory of Structures, Dover, Mineola, New York, 1983.
L.J. De Chant / Computers and Mathematics with Applications 60 (2010) 1177–1183 1183
[3] J. Hoffman, C. Johnson, A newapproach to computational turbulencemodeling, ComputerMethods in AppliedMechanics and Engineering 195 (23–24)
(2006) 2865–2880.
[4] D. You, P. Moin, A dynamic global-coefficient subgrid-scale eddy-viscosity model for large-eddy simulation in complex geometries, Physics of Fluids
19 (6) (2007) 065110.
[5] M. Germano, U. Piomelli, P. Moin, W.H. Cabot, A dynamic sub-grid scale eddy viscosity model, Physics of Fluids, A (3) (1991) 1760–1765.
[6] W.F. Ames (Ed.), Nonlinear Partial Differential Equations, Academic Press, New York, 1967, p. 68.
[7] D.F. Zwillinger, Handbook of Differential Equations, 3rd ed., Academic Press, New York, 1998.
[8] A.D. Polyanin, V.F. Zaitsez, Handbook of Nonlinear Partial Differential Equations, Chapman-Hall, New York, 2004, p. 721.
[9] F.M. White, Viscous Fluid Flow, McGraw-Hill, NY, 1991.
[10] J.D. Anderson, Modern Compressible Flow, McGraw-Hill, NY, 1990.
[11] D.A. Anderson, J.C. Tannehill, R.H. Pletcher, Computational Fluid Mechanics and Heat Transfer, Hemisphere, Washington, 1984.
[12] L. Rosenhead (Ed.), Laminar Boundary Layers, Dover, Mineola, New York, 1963.
[13] R. Haberman, Elementary Applied Partial Differential Equations, Prentice-Hall, Englewood Cliffs, New Jersey, 1983.
[14] W.E. Boyce, R.C. DiPrima, Elementary Differential Equations and Boundary Value Problems, 3rd ed., Wiley, New York, 1965.
[15] L.W. Johnson, R.D. Riess, Numerical Analysis, 2nd ed., Addison-Wesley, Reading, Massachusetts, 1982.
[16] P.S. Klebanoff, Characteristics of Turbulence in a boundary layer with zero pressure gradient, NACA Report 1247.
[17] L.J. DeChant, J.L. Payne, A Convection Reaction Diffusion (CRD) equation model for 2-d transition pressure fluctuation behavior, AIAA-2008-3020,
Vancouver, CA, 05-2008.
